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Introduction
Let (E, F , µ) be a probability space, and P a symmetric contraction linear operator on L 2 (µ) with P 1 = 1. Then the spectral radius of P is R(P ) = 1. We say that P has a spectral gap if R 1 (P ) := sup{ P f L 2 (µ) : µ(f 2 ) = 1, µ(f ) = 0} < 1.
According to Simon and Høegh-Krohn [15] , P is called hyperbounded if
L 2 (µ)→L 4 (µ) < ∞. We consider the following question raised in [15] : does a hyperbounded operator possess a spectral gap?
It turns out that the answer is NO for nonergodic positive definite operators. Recall that P is called positive definite if µ(f P f ) ≥ 0 for all f ∈ L 2 (µ), and is called ergodic if (see [20] )
here and in the sequel the limit is taken in L 2 (µ). Let H := {f : P f = f }, and let π : L 2 (µ) → H be the orthogonal projection. For positive definite P it follows from the spectral theorem that
where {E λ : λ ∈ [0, 1]} is the resolution of the identity of P . Therefore, it is easy to see that the ergodicity is equivalent to each of the following two statements (we write f = g if these two functions are equal µ-a.e.): (a) for any f ∈ L 2 (µ), P n f → µ(f ) as n → ∞; (b) for any f ∈ L 2 (µ), if P f = f , then f is constant. Obviously, (a) and hence the ergodicity implies the positivity-improving property (or the µ-essential irreducibility [11, 18] ): (c) for any A, B with µ(A)µ(B) > 0, there exists n ≥ 1 such that µ(1 A P n 1 B ) > 0. Conversely, if P is positive (or positivity-preserving), i.e., P f ≥ 0 for all f ≥ 0, then (c) implies (b) and hence is equivalent to the ergodicity. Indeed, for P f = f with µ(f ) = 0, one has P f + ≥ (P f)
, and so one has P f + = f + . Thus, for any n ≥ 1 and any ε > 0,
, and one concludes that f = 0. Therefore, (c) implies (b).
Let us recall some progress concerning this question. In the context of a symmetric contraction C 0 -semigroup (P t ) t≥0 with P t 1 = 1, the Rothaus-Simon mass gap theorem says that the hypercontractivity (i.e., there exists t > 0 such that δ(P t ) = 1) implies the existence of a spectral gap; see [13, 14] and also [8] . More precisely, if δ(P T ) = 1, then (see e.g. [4, Lemma 6.1.5])
where [r] := sup{n ∈ Z : n ≤ r}. According to [12, Theorem 2.3] , this implies the following lower bound estimate for the spectral gap of the generator (L, D(L)):
Therefore, δ(P T ) = 1 implies R 1 (P t ) ≤ 3 −t/(2T ) for all t ≥ 0. Next, in 1998, Aida [1] proved that gap(L) > 0 provided there is t > 0 such that P t is hyperbounded and is uniformly positivity-improving (Kusuoka [10] ):
Obviously, the uniformly positivity-improving property is stronger than the ergodicity. In 2000, Wu [18] introduced the notion of uniform integrability for linear operators and studied the above question for ergodic, uniformly integrable, positive operators (see [18, Problem 3.10] ). Moreover, Aida's above-mentioned result was generalized or extended in [9, 6] for general positive operators. Very recently, the essential spectral radius of Markov operators was estimated by Wu [19] .
Our first observation in this note is that the hyperbound estimate δ(P ) < 2 is the minimal sufficient condition for the existence of a spectral gap. 
(2) There exists a Markov operator P with δ(P ) = 2 and R 1 (P ) = 1 (i.e., P does not have a spectral gap). 
(2) If P t is Markovian and the defective log-Sobolev inequality holds,
In particular, if (1.4) holds for
, as is well known. (3) There exists an example such that (1.4) holds for C 1 = 0 and C 2 = log 2, but gap(L) = 0. Corollary 1.2 shows that C 2 < log 2 is the optimal sufficient condition for the defective log-Sobolev inequality (1.4) to imply gap(L) > 0. Below we present the optimal sufficient condition for the defective Poincaré inequality to imply the existence of a spectral gap.
Theorem 1.3. Let (L, D(L)) be the generator associated with a conservative Dirichlet form (E, D(E)). If there exist C
On the other hand, there exists a conservative Dirichlet form such that (1.6) holds for
Finally, a counterexample is constructed in the paper to show that even in the ergodic case the hyperboundedness is insufficient for the existence of a spectral gap. This example enables us to state the following result.
Theorem 1.4. There exist (E, F , µ) and a symmetric, hyperbounded, ergodic contraction
We remark that Theorem 1.4 does not provide any negative answer to Wu's problem 3.10 in [18] , since the operator constructed in the counterexample is not positivity-preserving. Wu ([18, Example 1.8]) provided an example of a hyperbounded (but non-C 0 ) semigroup without a spectral gap.
2. Proofs of Theorem 1.1 and Corollary 1.2
Thus,
Therefore,
It is easy to see that when δ(P ) = 1 one has
Next, for 1 < δ(P ) < 2, the minimum of h(ε) over ε ∈ (0, 1) is reached at
Indeed, one has (where "⇐⇒" means "is equivalent to")
Thus, ξ(δ(P )) = h(ε(δ(P ))). It remains to calculate h(ε(δ)) for δ ≥ 1. Observing that
and noting that 3δ > 2 2δ(δ − 1) for δ ≥ 1, one has
Therefore, (1.2) follows from (2.1). ≤ sup
with equality holding when c
Let R denote the upper bound of R 1 (P ) given in (1), and simply denote δ = δ(P ). One has R < 1, since δ < 2. Since P is positive definite, P r is well-defined for r ≥ 1 and we have µ(P rf ) = µ(f ) = 0. Hence
Noting that
we have
It suffices to prove that h(r
Let s = 3δ/(16R 4 ); then r 0 = log(3+s) log R −2 and 
Since all three terms in the above formula are equal when s = 0, it follows that
Thus, we arrive at the Poincaré inequality
and hence (1.3) holds. 2] r log r + (2 − r) log(2 − r) = log 2.
Therefore, (1.4) holds for C 1 = 0 and C 2 = log 2.
Proof of Theorem 1.3
To prove Theorem 1.3 we need the following lemma, which is a dual version of [17, Proposition 3.2] in the setting of infinite reference measures.
Lemma 3.1. Let (L, D(L)) be associated with a Dirichlet form (E, D(E)).
Assume that there are four constants α 1 , α 2 , β 1 , β 2 > 0 such that
Next, one has
Then it follows from (3.2) and (3.4) that 5) where, in the last step, we have used the fact that (see e.g.
Combining (3.3), (3.4) and (3.5), we obtain
β 2 /(2β 1 ), we arrive at
and hence the proof is finished.
Similarly, the same holds for (sup f ) 2 in place of (inf f ) 2 . Thus,
Then the first assertion follows from Lemma 3.1.
On the other hand, let E = {0, 1} with
Let L = 0 (hence the corresponding form E = 0), which does not have a spectral gap. We have, for any function f ,
Hence (1.6) holds for C 1 = 0 and C 2 = 2.
A counterexample: Proof of Theorem 1.4
Consider, for instance, E 0 := {0, 1} and
with spectrum {0, −1}, where the nontrivial eigenfunction is given by u(0) = −1, u(1) = 1. Moreover, the corresponding Markov semigroup is determined by
, n ≥ 1} and let µ = µ N 0 be the product measure. Consider the semigroup
stands for the operator L 0 acting on the n-th variable. It is clear that the spectrum of L contains merely eigenvalues {0, −1, −2, · · · }, and the multiplicity of each eigenvalue is infinite. Let H i denote the eigenspace w.r.t. the eigenvalue −i. One has H 0 = R and
We now define a new selfadjoint operator on L 2 (µ) via the spectral representation
where Proof. Since Lf n = − 1 n f n , n ≥ 1, there is no spectral gap. Next, let f ∈ L 2 (µ) be such thatP t f = f for some t > 0, and let f be the orthogonal projection of f onto H ⊥ 1 . We have ∞ n=1 (1 − e −t/n )µ(f f n )f n = 0, and hence µ(f f n ) = 0 for all n ≥ 1. Thus, f = f and P t f =P t f = f . By the ergodicity of P t , the function f has to be constant. Therefore,P t is ergodic. It remains to prove the hyperboundedness ofP t . For f ∈ L 2 (µ) with µ(f 2 ) ≤ 1, one has f = f + f = On the other hand, since P (0) t is hypercontractive, so is P t (see [7] ). Hence there exists t > 0 (independent of f ) such that
Combining this with (4.3), we arrive at
Therefore,P t is hyperbounded.
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